Published by Institute of Physics Publishing for SISSA Received: July 27, 2005 Revised: September 8, 2005 Accepted: September 10, 2005 Published: September 20, 2005

Quantum corrections to spinning strings in AdS_5 × S^5 and Bethe ansatz: a comparative study

Sakura Schäfer-Nameki

II. Institut für Theoretische Physik der Universität Hamburg Luruper Chaussee 149, 22761 Hamburg, Germany, and Zentrum für Mathematische Physik, Universität Hamburg Bundesstrasse 55, 20146 Hamburg, Germany E-mail: sakura.schafer-nameki@desy.de

Marija Zamaklar

Max-Planck-Institut für Gravitationsphysik, AEI Am Mühlenberg 1, 14476 Golm, Germany E-mail: marzam@aei.mpg.de

Konstantin Zarembo^∗

Department of Theoretical Physics, Uppsala University 751 08 Uppsala, Sweden E-mail: Konstantin.Zarembo@teorfys.uu.se

Abstract: We analyze quantum corrections to rigid spinning strings in AdS_5 × S^5. The one-loop worldsheet quantum correction to the string energy is compared to the finite-size correction from the quantum string Bethe ansatz. Expanding the summands of the string theory energy shift in the parameter 1/J^2 and subsequently resumming them yields a divergent result. However, upon zeta-function regularisation these results agree with the Bethe ansatz in the first three orders. We also perform an analogous computation in the limit of large winding number, which results in a disagreement with the string Bethe ansatz prediction. A similar mismatch is observed numerically. We comment on the possible origin of this discrepancy.

Keywords: Bethe Ansatz, AdS-CFT and dS-CFT Correspondence.

∗ Also at ITEP, Moscow, Russia.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep092005051 /jhep092005051 .pdf

Contents

1. Introduction 1

2. Quantum corrections in string theory 4 2.1 Energy shift 4 2.2 Perturbative expansion 6

3. Bethe ansatz 7 3.1 Classical limit 7 3.2 Quantum corrections 9 3.3 Mode expansion 11 3.4 Perturbative expansion and comparison to string theory 12

4. Limit of large winding number 13 4.1 Bethe ansatz calculation 13

5. Numerical evaluation of energy shifts 14

6. Conclusions 16

A. Calculation of anomaly 17

B. Details of string theory computation 19 B.1 Contribution of sl(2) modes 19 B.2 Perturbative expansion of modes 20 B.3 First and second order 21 B.4 Third order 22

C. Details of Bethe ansatz computation 24 C.1 Zero-modes 24 C.2 Non-zero modes 24

D. Details of the large k string computation 26

1. Introduction

Understanding the quantum spectrum of string theory in AdS_5 × S^5 is an important open problem. Solving this problem will open up venues for testing the ideas of gauge/string duality in the genuine stringy regime. It is becoming more and more clear that progress in quantizing strings on AdS_5 × S^5 is impossible without serious input from the dual N = 4

– 1 – supersymmetric Yang-Mills theory (SYM). One idea that has proved extremely useful on the gauge theory side and could potentially be applied to AdS strings, is to compute the spectrum using a Bethe ansatz. The Bethe ansatz is the standard approach to quantize integrable systems [1] and it is believed that both planar N = 4 SYM and string theory in AdS_5 × S^5 are integrable.

As was observed first at one loop [2, 3] and then at higher orders in perturbation theory [4 – 6], the planar dilatation operator of N = 4 SYM can be identified with a hamiltonian of an integrable spin chain.^1 The integrability on the string theory side arises because the classical world-sheet sigma-model admits a Lax representation. For the bosonic reduction this almost immediately follows [10] from the integrability of the O(n) model [11]. The Lax pair for the full supersymmetric sigma-model in AdS_5 × S^5 [12] was constructed in [13].

Because the classical equations of motion of the AdS string are integrable, their solutions can be parameterized by the spectral data of the Lax operator. By reformulating the standard solution of the spectral problem [14] it was shown in [15] that the spectral density for the string moving on the R × S^3 subspace of AdS_5 × S^5 satisfies an integral equation that strikingly resembles the large-volume (thermodynamic) limit of the quantum Bethe equations for the spectrum of the dilatation operator in the dual gauge theory. These results were extended to other sectors [16 – 19] and eventually to the most general solution including world-sheet fermions [20]. Of course the classical approximation in the sigma-model is accurate only at strong ’t Hooft coupling (i.e. weak worldsheet coupling). In addition, the Noether charges of the string have to be large. In order to quantize the string one needs to “undo” the thermodynamic limit and turn the integral equations for the sigma-model into discrete, quantum string Bethe equations. Such a discretization was first proposed for the su(2) subsector [21], then for other rank-one sectors [22] and subsequently for the complete set of Bethe equations with the psu(2, 2|4) symmetry [23]. The quantum string Bethe equations work remarkably well in several tractable limits: they have the right classical limit (by construction), reproduce the leading quantum corrections for the BMN states and yield the correct energies of massive states in the strict strongcoupling limit.

There are very few explicit calculations for quantum strings in AdS_5 × S^5. One major example is string quantization in the plane-wave limit [24] which leads to a solvable string theory [25] and can be understood as quantization around the simplest point-like solution of the string spinning on S^5 [26]. The curvature corrections [27] to the string states in this background (BMN states) were calculated in [28]. Frolov-Tseytlin solutions [29, 30] generalize this setup to macroscopic strings and it is possible to quantize fluctuations around these solutions in some cases [31 – 34]. For these solutions, the classical string energies can be compared to the anomalous dimensions in the gauge theory (see [30, 35]

1Although the dilatation operator is not integrable beyond leading order in the 1/N expansion [4], the planar integrability is still useful in the study of decays of semiclassical strings [7] and in the computation of three-point functions [8]. We should also mention that the classical equations of motion of N = 4 SYM admit a Lax representation [9], but we do not know if this property has anything to do with the quantum integrability of the planar dilatation operator.

– 2 – for review), because the ’t Hooft coupling λ combines with the R-charge J into the BMN coupling 1/J^2 ≡ λ/J^2, which can be small even if the ’t Hooft coupling is large, provided that the R-charge is large enough. In particular, the string action reduces to the effectve action of the spin chain in the limit of large J [36]. Generically, one finds that string theory and SYM agree up to two loops and start to disagree at three loops. For the quantum corrections the comparison has only been done at the one-loop level [37, 38]. It would be interesting to understand what happens at higher orders of perturbation theory.

Our goal is to compare quantum corrections to macroscopic strings with the quantum string Bethe ansatz at higher loops [21 – 23]. The conjectured quantum string Bethe equations were rigorously tested at infinite λ, but they can potentially receive 1/ √ λ corrections [21]. Comparison of the quantum string Bethe ansatz to the direct quantum string calculation provides an explicit check of whether such corrections are present at O(1/ √ λ) or not. Furthermore, the string Bethe equations are known to exactly reproduce the first two orders of the SYM perturbation theory independently of J [39], and we can just expand the energies computed from them in the ’t Hooft coupling to find the two loop anomalous dimensions in SYM. In this way we can extend the analysis of [37, 38] to two loops.

Let us briefly review the classical string configurations that we shall study. The oneloop quantum corrections were computed for two classes of string solutions — for circular strings rotating in S^5 with two independent angular momenta [31, 32] and for circular strings spinning in AdS_3 and rotating around S^5 [33]. The first case is plagued by instabilities [29, 31] and for this reason we shall concentrate on strings moving in AdS_3 ×S^1 ⊂ AdS_5 ×S^5 [40] (throughout the paper, we shall adopt the conventions of [33]). The relevant part of the AdS_5 × S^5 metric in global coordinates is

ds^2 = − cosh^2 ρ dt^2 + dρ^2 + sinh^2 ρ dθ^2 + dϕ^2 , (1.1)

where the first three terms are the metric of AdS_3 and ϕ is the angle of a big circle in S^5. The circular string solution has the following form

ρ = const , t = κτ , θ = � κ^2 + k^2 τ + kσ , ϕ = � κ^2 + k^2 τ + mσ , (1.2)

where

r^2_1 ≡ sinh^2 ρ = S √ κ^2 + k^2

, (1.3) E = κS √ κ^2 + k^2

+ κ , (1.4)

2κE − κ^2 = 2 � κ^2 + k^2 S + J^2 + m^2 , (1.5) kS + mJ = 0 . (1.6)

Global charges of the string (the energy E, the spin S, and the angular momentum J) combine with the string tension into the following “dimensionless” ratios, which stay finite

– 3 – in the classical (λ → ∞, J → ∞, S → ∞) limit [30]: E = E √ λ , S = S √ λ , J = J √ λ . (1.7)

Thus 1/ √ λ or 1/J can be used interchangeably as the loop counting parameters in the sigma-model. In addition, at any given order in 1/J one can further expand in the BMN coupling 1/J^2 = λ/J^2. In this way one recovers the two-loop perturbative SYM results.

In section 2 we review the string theory computation and evaluate the energy shift, at leading order in 1/J and at the first three orders in 1/J^2. Although the exact energy shift is finite, individual terms of the 1/J expansion diverge. To render the results finite we use a particular prescription, the zeta-function regularization.

In section 3 we compute the energy shift from the quantum string Bethe ansatz, again perturbatively in 1/J . Unlike in the string theory calculation, the 1/J expansion is manifestly finite. However, the resulting expressions agree with the zeta-regularized string energy shift at third order in perturbation theory.

In section 4 we calculate the energy shift in the non-perturbative regime (i.e., small J ) of large winding number. The energy shift is finite on both sides in this case. We find a clear discrepancy between the Bethe ansatz and the string calculation. In section 5, we present numerical results which support the analytical evidence for the discrepancy.

We discuss our results in section 6. Various technical details are collected in the appendices.

2. Quantum corrections in string theory

2.1 Energy shift

The semiclassical string quantization of [33] yields the following correction to the classical energy (1.4) δE^{string} = δE^{(0)} + δE^{osc} . (2.1)

Here the zero-mode contribution is given by

δE^{(0)} = 1 2κ � 4ν + 2κ + 2 � κ^2 + (1 + r^2_1)k^2 − 8 � c^2 + a^2 � . (2.2)

The oscillator part has the following form

δE^{osc} = 1 κ ∞� n=1 � 4 � n^2 + ν^2 + 2 � n^2 + κ^2 − 4 � (n + γ)^2 + α^2 − 4 � (n − γ)^2 + α^2 + + 1 2 4� I=1 sign(C^{(n)}_I )ω_{I,n} � , (2.3)

where the last term is the contribution of the sl(2)-modes, which are the four solutions of the quartic equation

(ω^2 − n^2)^2 + 4r^2_1κ^2ω^2 − 4(1 + r^2_1) � κ^2 + k^2 ω − kn

�_2 = 0 . (2.4)

– 4 –

The first line corresponds to the transverse and fermionic modes. The various parameters are defined as ν = � J^2 − m^2 α = � κ^2 + ν^2 2 r^2_1 = κ^2 − 2m^2 − ν^2

2k^2 = − m k J √ κ^2 + k^2 γ = 1 2 κ � 1 + 2k^2(1 + r^2_1) κ^2 − ν^2 � � κ^2 − ν^2 − 2k^2r^2_1 2(κ^2 + k^2)

. (2.5)

The sign factors are determined from

C^{(n)}_I = (ω^2_{I,n} − n^2) � J≠I

(ω_I − ω_J ) . (2.6)

It is possible to perform a partial summation of the series (2.3). The series is absolutely convergent, because the summand decreases as 1/n^2 at n → ∞. Therefore one can sum each frequency separately by regularizing the divergences; one adds and subtracts terms of the form c_1n + c_2/n before separating various frequencies. This does not change the result, because each partial sum is again absolutely convergent. The basic sum is ∞� n=1 � (n + γ)^2 + α^2 + � (n − γ)^2 + α^2 − 2n − α^2 n � = γ^2 − � γ^2 + α^2 + F ({γ}, α) , (2.7)

where {γ} denotes the fractional part of γ and the function F (β, α) is defined by the following integral representation

F (β, α) ≡ � α^2 + β^2 − β^2 + α^2

�_∞ 0 dξ e^ξ − 1 � 2J_1(αξ) αξ cosh βξ − 1 � . (2.8)

Using this result we find

δE^{osc} = 1 κ � 2F (0, ν) + F (0, κ) − 4F ({γ}, α) − 2ν − κ − 4γ^2 + 4 � γ^2 + α^2 +

+ 1 2 ∞� n=1 4� I=1 � sign C^{(n)}_I ω_{I,n} − n − κ^2 2n � � . (2.9)

The last sum can be seen to absolutely converge if we use the asymptotic values of the frequencies ω_{I,n} from [33]. The asymptotic expansion of F (β, α) in 1/α terminates at the second order:

F (β, α) = −α^2 ln � e^{C−1/2} 2 α � + 1 6 + O � e^{−α} � , (2.10)

where C = 0.5772 . . . is the Euler constant. The dependence on the fractional part of γ is therefore non-perturbative in 1/α and thus in 1/J . In particular it will not be seen in the numerical calculations in section 5 which will be done for sufficiently large values of J .

– 5 –

2.2 Perturbative expansion It is hard to find a useful integral representation for the sl(2) modes because of the sign factors in (2.9). In computing the perturbative 1/J expansion of the string energy shift we shall follow a more straightforward approach of evaluating the sum by first expanding all the frequencies in 1/J and then computing the sum order by order in 1/J . As was already observed in [32] this procedure is not so harmless, because the sum is not uniformly convergent and modes with n ∼ J^2 can give a finite contribution. This is reflected in superficial divergences which arise starting from second order in 1/J^2. We shall ignore these problems and will use zeta-function regularization to sum the divergent series. This approach might not look well motivated but we shall find a surprising agreement of this naive summation prescription with the Bethe ansatz to third order in 1/J^2, which gives us a hint that this prescription may be the correct way to compute the energy correction on the string theory side.

Using the pertubative expressions for the mode frequencies, which are given in appendix B, we can write the pertubative expression for the energy shift δE in powers of 1/J^2

δE^{string} = ∞� p=1 δE^{string}_p J^{2p}

. (2.11)

It is given by

δE^{string}_1 = 1 2 m(k − m) + 1 2 ∞� n=1 2(k − m)m − n^2 + n � n^2 + 4m(m − k) , (2.12)

δE^{string}_2 = − 1 8 m(k − m)(4k^2 − 11km + 3m^2) + + ∞� n=1 1 8 � − 2(k − m)m(4k^2 − 11km + 3m^2) + 2(3k^2 − 10km + 5m^2)n^2 + n^4 � − − n(−4(k − m)m(5k^2 − 15km + 6m^2) + 2(k − 3m)(3k − 2m)n^2 + n^4) 8 � n^2 + 4m(m − k)

, (2.13)

δE^{string}_3 = 1 16 (k − m)m(8k^4 − 52k^3m + 89k^2m^2 − 42km^3 + 5m^4) + + ∞� n=1 1 16 {2(k − m)m(8k^4 − 52k^3m + 89k^2m^2 − 42km^3 + 5m^4) −

− (15k^4128k^3m + 279k^2m^2 − 202km^3 + 44m^4)n^2 − − (15k^2 − 38km + 19m^2)n^4 − n^6} + + 1 16(n^2 + 4m(m − k))^{3/2} × × � 4(k − m)^2m^2(45k^4 − 324k^3m + 621k^2m^2 − 370km^3 + 60m^4)n − − 2(k − m)m(53k^4 − 481k^3m + 1083k^2m^2 − 815km^3 + 192m^4)n^3 + + (15k^4 − 218k^3m + 603k^2m^2 − 556km^3 + 164m^4)n^5 + + (15k^2 − 44km + 25m^2)n^7 + n^9 � . (2.14)

We shall compare this expression to the energy shift calculated using the Bethe ansatz in the next section.

– 6 –

3. Bethe ansatz

3.1 Classical limit Classical solutions for the string moving in AdS_3 ×S^1 are uniquely specified by the spectral data of the Lax operator. One can introduce the spectral density ρ(x) defined on a set of intervals C_I = (a_I , b_I ). The spectral density satisfies a singular integral equation [16] 2− � dy ρ(y) x − y

= 2πk_I − 2π � J + m x − 1 + J − m x + 1 � , x ∈ C_I . (3.1)

This can be called the classical Bethe equation, as such type of equations arise in the thermodynamic limit of quantum Bethe equations.

In addition, the density obeys a set of normalization conditions � dx ρ(x) x = −2πm , (3.2) � dx ρ(x) x^2

= 2π(E − S − J ) , (3.3) � dx ρ(x) = 2π(E + S − J ) . (3.4)

Here 2πm is the total world-sheet momentum which must be quantized because of the periodic boundary conditions on the world-sheet coordinates.

We shall consider the simplest solutions of (3.1) with only one cut C = (a, b) which corresponds to the circular string (1.2). There is only one mode number k in this case. This simplification is crucial and allows us to rewrite the integral equation (3.1) as an algebraic equation for the resolvant G(x) = � dy ρ(y) x − y

. (3.5)

The normalization conditions for the density (3.2)–(3.4) become boundary conditions for G(x)

G(0) = 2πm , (3.6) G^′(0) = −2π(E − S − J ) , (3.7) lim_{z→∞} zG(z) = 2π(E + S − J ) . (3.8)

Multiplying both sides of (3.1) by ρ(x)/(z − x) and integrating over x we find

G^2(z) − 2π � k − 2

J z + m z^2 − 1 � G(z) − 2π � J + m z − 1

G(1) +

J − m z + 1

G(−1) � = 0 . (3.9)

The boundary conditions (3.6)–(3.8) can be used to eliminate G(±1) from this equation. Expanding (3.9) at z = 0 and z = ∞ we get

kS + mJ = 0 , (3.10)

in accord with [40], and

(J ± m) G(±1) = −πk(E + S − J ) ± πm(k + m) . (3.11)

The condition (3.10) imposes rationality on the spins and requires the integers k and m to have opposite signs. We shall assume for definiteness that m > 0 and k < 0.

– 7 –

Figure 1: Graph of the quartic polynomial −P (z) (the ordering of the zeroes is a < b < c).

Plugging (3.11) back into (3.9) we get

G^2(z) − 2π � k − 2

J z + m z^2 − 1 � G(z) +

4π^2 z^2 − 1

[k(E + S − J )z − m(k + m)] = 0 . (3.12)

The solution of this quadratic equation is

G(z) = π � k − 2

J z + m z^2 − 1 � + π � P (z) z^2 − 1

, (3.13)

where

P (z) = k^2z^4 − 4k(E + S)z^3 + 2(2J^2 + 2m^2 − k^2)z^2 + 4k(E − S)z + k^2 . (3.14)

The resolvant determines the density through the discontinuity on the cut

G(x + i0) − G(x − i0) = 2πiρ(x) , x ∈ C, (3.15)

and we find ρ(x) = � −P (x) x^2 − 1

. (3.16)

We need one extra condition to express the energy in terms of the spin and the angular momentum. This condition cannot arise from equation (3.9). Instead one should look more closely at the structure of the density ρ(x). For general values of the energy, the angular momentum and the spin, the density is real on two cuts, whereas we have assumed that the solution has only one cut. This can be made consistent by requiring that the discriminant of the quartic polynomial (3.14) is zero, then P (z) has one double root (figure 1)

P (c) = 0, P^′(c) = 0 . (3.17)

These two equations determine the dependence of the energy on the angular momenta, E = E(S, J ), in a parametric form and are equivalent to (1.4), (1.5) upon the identification

κ = − k 2 � 1 c − c � . (3.18)

– 8 –

3.2 Quantum corrections

If the integral equation (3.1) is interpreted as the classical limit of some Bethe equations,^2 the density ρ(x) has the meaning of an asymptotic distribution of Bethe roots in the limit when their number (naturally identified with the spin S of the quantum string state) becomes infinite

ρ(x) = 4π √ λ S� k=1 x^2_k x^2_k − 1 δ(x − x_k) . (3.19)

The normalization factor 2π/ √ λ is the coupling constant of the world-sheet sigma-model.

The classical (weak-coupling) limit corresponds to λ → ∞. Because S scales with √ λ according to (1.7), the classical limit coincides with the thermodynamic limit, in which the number of roots becomes infinite.

Our starting point are the quantum Bethe equations proposed in [22, 23]^3 � x^+_k x^−_k

�_J = � j≠k

x^−_k − x^+_j x^+_k − x^−_j

1 −^1_{x−k x+j}

1 −^1_{x+k x−j} � � 1 −^1_{x−k x+j}

1 −^1_{x+k x+j}

1 −^1_{x+k x−j}

1 −^1_{x−k x−j} � � i √ λ(u k−u j ) 2π , (3.20)

where^4 u_k = x_k + 1 x_k

(3.21) and x^±_k + 1 x^±_k

= u_k ± 2πi √ λ . (3.22)

These equations reduce to (3.1) in the thermodynamic limit when √ λ, J, S → ∞. Our goal will be to compute the leading-order quantum correction to the classical Bethe equations.

It might seem that (3.20) can only give rise to even powers of 1/ √ λ, since the equations are invariant under √ λ → − √ λ. Nevertheless the odd powers of 1/ √ λ arise in the expansion and the leading quantum correction is O(1/ √ λ) for the following reason. The Bethe roots x_k condense into cuts in the thermodynamic limit such that the distance between nearby roots goes to zero. But the simultaneous limit of λ → ∞ and x_{k+1} − x_k → 0 is singular in the Bethe equations and this singularity gives rise to a local anomaly [44]. The anomaly cancels at the leading order [45], but contributes to the 1/ √ λ quantum correction [37, 38]. We shall calculate the anomaly directly from the Bethe equations (3.20). The

2Bethe ansatz only works for integrable systems, so here we must assume quantum intergrability of the world-sheet sigma-model. There are indeed some indications that integrability is not destroyed by quantum corrections [41].

3Although the quantum string can fluctuate in all directions in AdS5 × S^5, the quantum string Bethe equations have the same number of degrees of freedom as in the pure sl(2) sector. On the gauge theory side different sectors do not talk to each other because operators with different quantum numbers do not mix [42], but it is not a priori clear why various sectors can be separated on the string theory side (see [43] for a more detailed discussion of this issue).

4Our notation differs from that of [23] by a rescaling of x_k and u_k : x_k → x_k √ λ/4π, u_k → u_k √ λ/4π.

– 9 – calculations are rather complicated and the details are given in appendix A. The resulting equation for the resolvant differs from (3.12) by a correction term

G^2(z) − 2π � k − 2

J z + m z^2 − 1 � G(z) +

4π^2 z^2 − 1 � k(E + S − J )z − m(k + m) � + + 4π √ λ z^2 z^2 − 1 � dx ρ^′(x)πρ(x) coth πρ(x) z − x

= 0 . (3.23)

Solving this quadratic equation we find a density which is of the form (3.16), where the function P (z) obtains a correction

δP (z) = 4π √ λ z^2(1 − z^2) π^2 � dx ρ^′(x)πρ(x) coth πρ(x)

z − x

. (3.24)

The energy can be found as before, from the requirement that there is only one cut present

P (c + δc) + δP (c + δc) = 0 , P^′(c + δc) + δP^′(c + δc) = 0 . (3.25)

Expanding the first equation to linear order we get

∂P (c) ∂E δE +

∂P (c) ∂c δc + δP (c) = 0 . (3.26)

Taking into account that ∂P (c)/∂c = 0 we find

δE = − δP (c) ∂P (c)/∂E

. (3.27)

For ∂P/∂E we get from (3.14)

∂P (c) ∂E = −4kc(c^2 − 1) . (3.28)

Rescaling back to the physical energy we obtain

δE^{Bethe} = c πk � dx ρ^′(x)πρ(x) coth πρ(x) x − c

. (3.29)

We can also introduce ρ̃(x) = 1 π �_{πρ(x)} 0 dξξ coth ξ . (3.30)

Then integration by parts in (3.29) yields

δE^{Bethe} = c πk � dx ρ̃(x) (x − c)^2

. (3.31)

Let us see how the one-loop SYM result [37, 38] is recovered. From (3.17), (3.14) we find that c = −k/(2J ) at large J . Inserting this into (3.31) and rescaling x → 4πJ x, we get for the energy shift at the leading order in 1/J

δE^{Bethe}_1 = − 1 8π^2J^2 � dx ρ̃(x) x^2

, (3.32)

in agreement with [37].

– 10 –

To perturbatively evaluate the integral (3.29), we shall need to expand various parameters characterizing the classical string configuration in a power series in 1/J . In particular, we need to find the zeroes of the quartic polynomial P (x). Recall that P (x) defined in (3.14) can be factorized as

P (x) = (x − a)(x − b)(x − c)^2 , (3.33)

For our sign choice (m > 0, k < 0), the roots are ordered as a < b < c.

The zeroes a, b, c admit an expansion in^1_J . Solving (3.17) perturbatively in 1/J we get c = − k 2J + k 8J^3

(2m^2 − 4mk + k^2) + + k 16J^5

(−3m^4 + 16m^3k − 23m^2k^2 + 10mk^3 − k^4) + O � 1 J^7 � , (3.34) E = � 1 − m k � J + 1 2J m(m − k) − 1 8J^3 m(m − k)(m^2 − 3mk + k^2) + + 1 16J^5 m(m − k)(m^4 − 7m^3k + 13m^2k^2 − 7mk^3 + k^4) + O � 1 J^7 � . (3.35)

The expression (3.35) agrees with the perturbative expansion of the classical string energy computed in [33].

3.3 Mode expansion

Our starting point is (3.29), which can be written as a contour integral, because the integrand has a square-root branch cut along the contour of integration. If we introduce the function f(z) = � P (z) z^2 − 1

, (3.36)

the energy shift becomes

δE^{Bethe} = c k � C_{ab} dz 2πi f^′(z)f(z) cot(πf(z)) z − c

, (3.37)

where the integration contour C_{ab} encircles the cut clockwise. We can use the following series representation for cot πf(z)

cot(ξ) = 1 ξ + 2ξ ∞� n=1 1 ξ^2 − n^2π^2

. (3.38)

Inserting this into the contour integral we obtain

δE^{Bethe} = c k � C_{ab} dz f^′(z) (z − c) + 2c k ∞� n=1 � C_{ab} dz f^′(z)f^2(z) (z − c)(f^2(z) − n^2)

. (3.39)

The only singularities of the integrands outside the contour of integration are poles and the integrals can be calculated by evaluating the residues. The integrand in the first term

– 11 – has poles at z = c and z = ±1. The poles of the second term are at z = ±1 and at z = z_n, where the z_n’s are solutions of

f(z_n) = ±n , n ∈ N . (3.40)

Squaring this equation we find that z_n’s are the roots of the quartic equation

P (z) = n^2(z^2 − 1)^2 . (3.41)

It can be shown that the fluctuation energies around the classical solution are determined by the same equation, in accord with the general relationship between fluctuations [46] and finite-size corrections for Bethe ansatz [48]. The residues at z = ±1 are rather complicated, but the residues at z = z_n are easy to evaluate

Res_{z=zn} = c k � nϵ_n z_n − c � . (3.42)

The sign ϵ_n of the residue is the same as the sign in the equation f(z_n) = ±n and can be determined by analyzing (3.41) with the help of (3.33)

ϵ_n = � +1 for z ∈ [−∞, a] ∪ [−1, c] ∪ [1, ∞] −1 for z ∈ [b, −1] ∪ [c, 1] .

(3.43)

3.4 Perturbative expansion and comparison to string theory

We have evaluated the residues in (3.39) perturbatively in 1/J . The calculations are lengthy and are given in appendix C. We also checked that the first two orders are reproduced by a direct expansion of the integral (3.31). Unlike the string sum over modes, its Bethe counterpart is manifestly finite at each order of the perturbative expansion. This might indicate that our method of computing the series over string modes breaks down at two loops (see also the discussion in [32]). However, if we compare the zeta-regularized sum (2.12), (2.13) and (2.14) with the Bethe ansatz, we find complete agreement! We checked this up to the third order

δE^{Bethe}_p = δE^{string}_p , p = 1, 2, 3 . (3.44)

The agreement at the first two orders implies that the string energy shifts agree with the finite-size corrections to the anomalous dimensions at two loops in the SYM theory. At three loops, the string Bethe ansatz that was our starting point, differs from the gauge Bethe ansatz [47] which computes the anomalous dimensions.

The agreement between the Bethe ansatz and the direct string calculation is rather spectacular. The initial expressions look too complicated for this to be a pure accident. Nevertheless, the string and the Bethe calculation have a different status. The Bethe ansatz energy shift is automatically finite order by order in 1/J . On the string side we encountered divergences despite the complete, unexpanded energy shift being finite. No doubt, there should be a better way to approach the weak-coupling (large J ) limit on the string side.

– 12 –

4. Limit of large winding number

Because of the divergences in the naive 1/J expansion of the string sum, it would be desirable to do an independent test which avoids the convergence issues mentioned earlier. One option is to evaluate the energy shifts numerically. This is done in the next section. Here we consider a particular regime, the limit of large winding number (|k| ≫ 1), in which the energy shifts can be calculated analytically.^5 In this limit J , E and m stay finite, but the spin goes to zero: S ≪ 1. The string remains macroscopic in this limit, since it winds the big circle of S^5, but in AdS_5 the string shrinks to zero size (cf. (1.3)). We will have to assume that J /|k| ≪ 1, which means that there is no overlap with the perturbative regime we have discussed so far. In fact, the energy shift turns out to depend on 1/J = √ λ/J rather than 1/J^2 in the large-k limit, and it is not possible to compare string quantum corrections to perturbative SYM theory in this regime.

The details of the string calculation are given in appendix D. The result is

δE = 2F � 0, √ J^2 − m^2 � + 2F (0, J + m) − 4F � {|k|/2}, � J (J + m) � J + m + + √ mJ + (J + m) ln √ J + m √ J + √ m − m , (4.1)

where the function F (β, α) is defined in (2.8). A peculiar property of this result is the dependence on the fractional part of k/2, which means that the large-k limit of the string energy shift depends on whether the winding number k is even or odd. This effect probably arises because of the k-dependent field redefinition of the world-sheet fermions which was used to find the spectrum of fluctuations [31 – 33]. This kind of irregularity does not arise in the Bethe ansatz, and also in the zeta-regularized large-J expansion.

4.1 Bethe ansatz calculation We begin with the classical limit. To take the large-k limit it is convenient to rewrite (3.14) in the two equivalent forms

P (x) = k^2(x^2 − 1)^2 − 4kEx(x^2 − 1) + 4mJ x(x ± 1)^2 + 4(J ∓ m)^2x^2 . (4.2)

The first two terms blow up in the k → ∞ limit unless x is close to 1 or −1. The roots of P , a, b and c, thus lie in the vicinity of ±1. Changing the variables to

x = ±1 + v k , (4.3)

5In the narrow sense, we are just comparing two mathematical expressions — the string one-loop corrections (2.1)–(2.3) and the finite-size correction from the Bethe ansatz (3.29). Each is a well-defined function of the parameters k, m and J . If the two expressions agree (or disagree), they must agree (disagree) at all values of the parameters, in particular if one of the parameters (k in this case) takes its extreme value. From this point of view the limit of large k is just a simplifying assumption that allows us to calculate δE^{String} and δE^{Bethe} explicitly in some corner of the parameter space. On the other hand, not only the classical energy of the string, but also the quantum correction to it stays finite in the large-k limit. This probably means that the limit of large winding (or small spin) is well-defined for this type of string solutions and it would be very interesting to study this limit further. The winding number in that, more general setting should be much larger than the rescaled quantities E and J , but should be much smaller than √ λ (and thus E and J) in order not to interfere with the loop expansion of the sigma-model.

– 13 – and taking the limit k → ∞, we get

P (x) = 4v^2 − 8Ev + 4(J ± m)^2 , at x → ±1 . (4.4)

Thus two of the roots of P (x) lie near 1 and two lie near −1. The double root should lie at x ≈ 1, from which we find E = J + m (4.5) and c = 1 − E |k| . (4.6)

Solving (4.4) near x = −1, we find the endpoints of the cut � b a � = −1 − �√ J ± √ m �_2 |k| . (4.7)

We see that the cut shrinks to a very small size, whereas the density according to (3.2)-(3.4) is still normalized to O(1). Thus the density is highly peaked near −1. Indeed, from (3.16) and (4.4) we find ρ(x) = |k| v � 2 (J + m) v − v^2 − (J − m)^2 . (4.8)

The integral (3.31) can be easily evaluated in the k → ∞ limit. Because the density is large, cosh ξ in (3.30) can be approximated by 1, and thus

ρ̃ = π 2 ρ^2 , at ρ → ∞ . (4.9)

We thus get from (3.31) δE^{Bethe} = 1 8k � dx ρ^2(x) . (4.10)

Using dx = dv/|k| and the explicit expression (4.8) for the density, we find

δE^{Bethe} =

J + m 2 ln √ J + √ m √ J − √ m − √ mJ . (4.11)

This clearly disagrees with the string theory calculation (4.1), in particular the Bethe ansatz result has a regular dependence on k. We shall see this discrepancy also in the numerical calculations. Let us also note that even though the explicit computation in this section was done in the simplifying large k limit, the deviations between the Bethe ansatz and the string theory computation are also observed numerically for finite values of the parameter k (see figure 3 in the next section).

5. Numerical evaluation of energy shifts

In this section we numerically compare corrections to the energy of the circular string obtained by the semiclassical quantization (2.3) and the one deduced from the proposed quantum string Bethe equation (3.29). Both evaluations of the sums are done for various values of the parameters.

– 14 –

Figure 2: Energy shifts (δE) × J^2 for J = 5 . . . 50, m = 3, k = −2, Bethe vs. semi-classical string.

We first consider the large-J limit. From figure 2 we see that both functions have the same leading order behaviour, in agreement with the earlier analytic results. Next, we try to extract the coefficients of the 1/J^2 expansion of the energy shift numerically. In practice, numerically computing higher order effects is hard, since it requires a high numerical precision and stability.

Yet, by using high precision numerical evaluations let us try to extract the first subleading (1/J^2) correction from the exact semiclassical expression (2.3) and compare it with the zeta-function regularized result (2.13). Subtracting the analytic one-loop piece (2.12) from the numerical expression for the semiclassical energy shift (2.3) leads to very unstable numerical results, given in table 5.1.

m = 3.0 , k = −2 .

J 50 100 150 200 250 (δE^{string} − δE_1) × J^2 1041 620 −82 −1066 −2329 J 300 350 400 450 500 (δE^{string} − δE_1) × J^2 −3871 −5693 −7794 −10174 −12831

(5.1)

This should be compared to the zeta-function regularized two-loop result (2.13) for the same values of m and k which gives

δE_2 = 393.375 . (5.2)

The numerical stability is greatly improved, if instead of subtracting the analytic one-loop result (2.12), we use the asymptotic numerical value for the energy shift (obtained for J = 10^3) δE^{string}_{asymptot} = −77.781 . (5.3)

The results are given in table (5.4). We see that it is much less fluctuating compared to the result in table (5.1). The deviations from the constant value, may be attributed to higher orders in 1/J^2 and insufficient numerical precision. The average value from the table (5.4) is different from the regularized two-loop result (5.2), but the numerics is rather unstable and we cannot draw any definite conclusions at this point because of insufficient numerical

– 15 –

Figure 3: Energy shifts (δE) × J^2 for J = 3, m = 2, −k = (40 . . . 1). The upper curve is the string calculation. The lower curve is the prediction of the Bethe ansatz.

accuracy.

m = 3.0 , k = −2 , J 50 100 150 200 250 (δE^{string} − δE^{asymptot}) × J^2 1170 1167 1147 1120 1087 J 300 350 400 450 500 (δE^{string} − δE^{asymptot}) × J^2 1048 1004 952 896 835

(5.4)

We get much better accuracy if we look at a finite value of J and vary k at fixed m and J . We shall take J = 3 and m = 2 and vary k from −40 to −1. The results are given in figure 3. The upper curve is the semiclassical string computation, the lower curve is computed from the Bethe ansatz.^6 We see that both the semiclassical and the Bethe energy shifts tend asymptotically to constant but different values, which are in good numerical agreement with the analytic calculations in the previous section. Here our numerical precision is sufficient to discriminate the two results.

6. Conclusions

We have compared quantum correction to the energy of macroscopic rigid strings in AdS_5 × S^5 with the finite-size corrections to the quantum string Bethe ansatz. Taken at face value, the two results disagree, but an interpretation of this discrepancy is unclear to us. If we do the string calculation in a more naive way by first expanding fluctuation frequencies in 1/J and then summing the series over string modes, the straightforward zeta-regularized expansion in 1/J^2 agrees with the Bethe ansatz to the first three orders. Perhaps the sum over frequencies on the string side should be redefined such that it automatically reproduces zeta-regularized 1/J expansion. The methods used to evaluate related sums in the context of plane-wave string theory [49] can be helpful to implement such zeta-function prescription. On the other hand the sum is finite and well-defined as it stands and there are no apparent regularization ambiguities.

6By that we mean numerical integration in (3.29). Direct numerical solution of the discrete Bethe equations with subsequent extrapolation to the thermodynamic limit requires substantially more involved calculations.

– 16 –

Another possible explanation of the discrepancy is that the string Bethe equations receive non-trivial 1/ √ λ corrections. We cannot discriminate between these two possibilities at present. Studying other classes of string solutions will be certainly helpful to resolve this puzzle. We should first of all mention stable circular strings on S^5 which were analyzed both in string theory [31] and using the Bethe ansatz [50].

Acknowledgments We would like to thank G. Arutyunov, N. Beisert, V. Kazakov, J. Lucietti, J. Minahan, M. Staudacher and A. Tseytlin for interesting discussions. The work of S.S.-N. was partially supported by the DFG, DAAD, and European RTN Program MRTN-CT-2004-503369. The work of K.Z. was supported in part by the Swedish Research Council under contracts 621-2002-3920 and 621-2004-3178, and by the Göran Gustafsson Foundation.

A. Calculation of anomaly In this appendix the anomaly term is derived from the quantum string Bethe equations (3.20). The following integral representation turns out to be useful ln f(x^+_1 , . . . , x^+_S ; x^−_1 , . . . , x^−_S ) f(x_1, . . . , x_S ; x_1, . . . , x_S ) = i � 2π_{√λ} 0 dε 1 f S� k=1 � x^{+ 2}_k x^{+ 2}_k − 1 ∂f ∂x^+_k − x^{− 2}_k x^{− 2}_k − 1 ∂f ∂x^−_k � , (A.1)

where f is an arbitrary function and

x^±_k + 1 x^±_k

= u_k ± iε , (A.2)

under the integral (x^±_k on the left-hand-side is defined in (3.22)). This representation singles out a particular branch of the logarithm, so when we write the Bethe equations (3.20) in the logarithmic form, we should introduce an arbitrary phase which parameterizes different branches of the logarithm

� 2π_{√λ} 0 dε � J � x^+_k x^{+2}_k − 1 + x^−_k x^{−2}_k − 1 � +

+ � j≠k � x^{+2}_k x^{+2}_k − 1 + x^{−2}_j x^{−2}_j − 1 � 1 x^+_k − x^−_j + � x^{−2}_k x^{−2}_k − 1 + x^{+2}_j x^{+2}_j − 1 � 1 x^−_k − x^+_j � −

− � j≠k � x^+_j (x^{+2}_j − 1)(x^−_k x^+_j − 1) + x^−_j (x^{−2}_j − 1)(x^+_k x^−_j − 1) −

− x^+_k (x^{+2}_k − 1)(x^+_k x^−_j − 1) − x^−_k (x^{−2}_k − 1)(x^−_k x^+_j − 1) � − i √ λ 2π � j≠k

(u_k − u_j) ×

× � x^{+2}_k (x^+_j −x^−_j ) (x^{+2}_k −1)(x^+_k x^−_j −1)(x^+_k x^+_j −1) + x^{−2}_k (x^+_j −x^−_j ) (x^{−2}_k −1)(x^−_k x^+_j −1)(x^−_k x^−_j −1)

+ (A.3)

+ x^{+2}_j (x^+_k −x^−_k ) (x^{+2}_j −1)(x^+_k x^+_j −1)(x^−_k x^+_j −1) + x^{−2}_j (x^+_k −x^−_k ) (x^{−2}_j −1)(x^+_k x^−_j −1)(x^−_k x^−_j −1) � = 2πk .

– 17 –

An important property of this terrible-looking equation is the symmetry with respect to ε → −ε, which means that the direct strong-coupling expansion starts from order O(1/λ). The only source of 1/ √ λ corrections is the first sum over j, in which terms with j ∼ k become singular in the ε → 0 limit. The contribution of these terms is the anomaly. In the remaining terms we can take the limit ε → 0 directly

4πJ x_k x^2_k − 1 + 4π √ λ � jk x_k − x_j (x^2_k − 1)(x^2_j − 1)

+ (A.4)

+ � 2π_{√λ} 0 dε � j≠k � x^{+2}_k x^{+2}_k − 1 + x^{−2}_j x^{−2}_j − 1 � 1 x^+_k − x^−_j + � x^{−2}_k x^{−2}_k − 1 + x^{+2}_j x^{+2}_j − 1 � 1 x^−_k − x^+_j � = 2πk ,

where we have used the equality

u_k − u_j =

(x_k − x_j )(x_kx_j − 1) x_kx_j . The next step is to multiply both sides of (A.4) by 1/(z − x_k) and sum over k. Because of the anti-symmetry in k and j, in the double sums 1/(z − x_k) can be replaced by 1 z − x_k → 1 2 � 1 z − x_k − 1 z − x_j � = x_k − x_j 2(z − x_k)(z − x_j) . Now we can disentangle the “normal” contribution of j − k ∼ √ λ from the local “anomalous” contribution of j − k ≪ √ λ. In the latter case

x_{j+n} ≈ x_j +

4πx^2_j n √ λ(x^2_j − 1)ρ(x_j )

, (A.5)

according to the definition of the density in (3.19). Also,

x^±_{j+n} ≈ x_j + x^2_j x^2_j − 1 � 4πn √ λρ(x_j )

± iε � (A.6) and x_{j+n} − x_j x^±_{j+n} − x^∓_j

− 1 = ∓ 2iε 4πn √ λρ(x_j ) ± 2iε . Separating the long-distance contributions from the short-distance ones we find, after some calculations

G^2(z) − 2π � k − 2

J z + m z^2 − 1 � G(z) +

4π^2 z^2 − 1 � k(E − S − J )z − 2mJ x − m(k + m) � − (A.7) − 4π √ λ x^2 x^2 − 1 � j 2x^2_j (x^2_j − 1)(z − x_j )^2

� 2π_{√λ} 0 dε � n≠0

ε^2

4π^2n^2 λρ^2(x_j ) + ε

2 = 0 ,

where G(z) = 4π √ λ � k x^2_k x^2_k − 1 1 z − x_k

. (A.8)

– 18 –

The asymptotics of (A.7) at z → ∞ shows that the condition (3.10) does not receive quantum corrections. Performing the summation in the anomaly term and changing the integration variable to ξ = √ λ ρε/2 we finally get

G^2(z) − 2π � k − 2

J z + m z^2 − 1 � G(z) +

4π^2 z^2 − 1

[k(E + S − J )z − m(k + m)] − − 4π √ λ x^2 x^2 − 1 � dy ρ̃(x) z − x

= 0 , (A.9)

where ρ̃(x) is defined in (3.30). The form of the anomaly used in the main text is obtained after integrating by parts and taking into account that

ρ̃^′ = ρ^′πρ coth πρ . (A.10)

B. Details of string theory computation

B.1 Contribution of sl(2) modes The main difficulty in evaluating the energy from the string theory is the sum over the roots of the quartic polynomial (2.4)

δE^{sl(2)} = � I sign(C^{(n)}_I )ω_{I,n} . (B.1)

The quartic equation is equivalently given by

ω^4 + a_2ω^2 + a_1ω + a_0 = 0 , (B.2)

where

a_2 = −4k^2 − 2n^2 − 4k^2r^2_1 − 4κ^2 a_1 = 8kn � k^2 + κ^2(1 + r^2_1) a_0 = n^4 − 4k^2n^2(1 + r^2_1) . (B.3)

In particular, the absence of the cubic term implies

�_4 I=1 ω_{I,n} = 0. The roots can be written as

ω_{1/2,n} = 1 2 (R_n ± D_n)

ω_{3/4,n} = 1 2 (−R_n ± F_n) , (B.4)

where

R_n = √ y_1 − a_2

D_n = � −R^2_n − 2a_2 −

2a_1 R_n

F_n = � −R^2_n − 2a_2 +

2a_1 R_n

, (B.5)

– 19 – and y_1 is a real root of the discriminant cubic equation

y^3 − a_2y^2 − 4a_0y + 4a_2a_0 − a^2_1 = 0 . (B.6)

That is y_1 = 1 3 a_2 + � M + � M^2 + S^3

�_{1/3} + � M − � M^2 + S^3

�_{1/3} , (B.7)

where S = 1 9 (−12a_0 − a^2) M = 1 54 (27a^2_1 − 72a_0a_2 + 2a^3_2) . (B.8)

Furthermore, we need to address the issue of the signs in front of the frequencies. If we take all square roots with positive sign, it is clear that for a generic n and J there are two possibilities for the relative ordering of the frequencies ω_I

I : ω_4 < ω_3 < ω_2 < ω_1 (B.9) II : ω_4 < ω_2 < ω_3 < ω_1 . (B.10)

In order to discriminate these, consider the large J ≫ n limit. The asymptotics are ω_1 ∼ −ω_4 ∼ 2J and so (ω^2 − n^2) > 0. Hence,

sign(C^{(n)}_{1,B} ) = +1 , sign(C^{(n)}_{4,B} ) = −1 . (B.11)

On the other hand, in the same limit we have ω_2 ∼ −ω_3 ∼ n/2J and thus (ω^2 − n^2) < 0, wherefore sign(C^{(n)}_{2,B} ) = −1 , sign(C^{(n)}_{3,B} ) = +1 . (B.12)

Hence, in the large J limit the eigenvalues are ordered as in the first case in (B.9). Note that the ordering of ω^I_n as a function of n keeping J fixed does not change, i.e., the roots do not “cross” (see figure 5).

Using (B.11) and (B.12) the expression for δE^{sl(2)} in the large J limit can be simplified to δE^{sl(2)} = � n (−ω_4 + ω_3 − ω_2 + ω_1) = 2 � n (ω_1 + ω_3) = � n D_n + F_n . (B.13)

In summary, to compute δE^{sl(2)} one only needs to determine the sum over the combination D_n + F_n.

B.2 Perturbative expansion of modes

The combination of sl(2) modes, D_n + F_n, has the following expansion in 1/J

δE^{sl(2)} 2κ = � n � 2k(k − m) + n^2 + n � 4m(m − k) + n^2 2 � 1 J^2 + + � − −4m(k − m)(5k^2 − 15km + 6m^2) + 2(k − 3m)(3k − 2m)n^3 + n^5 8 � n^2 + 4m(m − k) +

– 20 –

+ 1 8 � −2k(k − m)(k^2 − 11km + 6m^2) − 2(3k^2 − 10km + 5m^2)n^2 − n^4 � � 1 J^4 + + � 1 16 � 2k(k − m)(k^4 − 23k^3m + 86k^2m^2 − 71km^3 + 15m^4) + + (15k^4 − 128k^3m + 279k^2m^2 − 202km^3 + 44m^4)n^2 + + (15k^2 − 38km + 19m^2)n^4 + n^6 � + + 1 16(n^2 + 4m(m − k))^{3/2} × × � +4(k − m)^2m^2(45k^4 − 324k^3m + 621k^2m^2 − 370km^3 + 60m^4)n −

− 2(k − m)m(53k^4 − 481k^3m + 1083k^2m^2 − 815km^3 + 192m^4)n^3 + + (15k^4 − 218k^3m + 603k^2m^2 − 556km^3 + 164m^4)n^5 +

+ (15k^2 − 44km + 25m^2)n^7 + n^9 � 1 J^6

. (B.14)

The other terms, i.e., the transverse and fermionic terms, are as follows

δE − δE^{sl(2)} 2κ = � n � −(k − m)^2 − n^2 � 1 J^2 + 1 16 � (k − m)^2(k^2 − 42km − 7m^2) + 8(3k^2 − 10km + 5m^2)n^2 + 4n^4 � 1 J^4 + + 1 128 � −(k − m)^2(k^4 − 232k^3m + 962k^2m^2 − 80km^3 − 11m^4) −

− 4(15k^4 − 260k^3m + 594k^2m^2 − 340km^3 + 23m^4)n^2 −

− 16(15k^2 − 38km + 19m^2)n^4 − 16n^6 � 1 J^6

. (B.15)

Note the three-loop term, where the expression at order n^2 has a different structure from the one in (B.14).

Furthermore, expanding the zero mode part of the energy shift (2.2) in 1/J we obtain

E^{(0)} = 1 2 m(k − m) 1 J^2 − 1 32 (3k − 7m)(k − m)(k + m)^2 1 J^4 + + 1 256 (k − m) � 15k^5 − 135k^4m + 182k^3m^2 − 94k^2m^3 + 171km^4 − 11m^5 � 1 J^6 + +O � 1 J^8 � . (B.16)

We shall now combine these terms and obtain the energy shifts up to third order in perturbation theory.

B.3 First and second order The first and second order terms in the 1/J^2 expansion of the energy shift (2.1) are

δE^{osc}_1 = � n 2(k − m)m − n^2 + n � n^2 + 4m(m − k) 2

– 21 – δE^{osc}_2 = � n − n(−4m (k − m) � 5k^2 − 15km + 6m^2 � + 2 (k − 3m) (3k − 2m) n^2 + n^4) 8 � n^2 + 4m(m − k) + + 1 16 ((k − m) (k + m)^2 (−3k + 7m) + 4 � 3k^2 − 10km + 5m^2 � n^2 + 2n^4) . (B.17)

The large n behaviour of the summand in δE^{osc}_1 is 1/n^2, which ensures that the energy shift at first order is finite. In the second order term the summand has asymptotics

(δE^{osc}_2 )_n = − 1 16 (k − m)^2(3k^2 − 14km + 19m^2) + O � 1 n^2 � . (B.18)

Thus, there is an anomalous pieces, which needs to be regularized. Applying zeta-function regularization the regularized energy reads

(δE^{osc}_2 )_{reg} = 1 32 (k − m)^2(3k^2 − 14km + 19m^2) (B.19) + � n � n(−4m(k − m) � 5k^2 − 15km + 6m^2 � + 2(k − 3m)(3k − 2m)n^2 + n^4) 8 � n^2 + 4m(m − k) + + 1 8 (−2(k − m)m � 4k^2−11km+3m^2 � + 2 � 3k^2−10km+5m^2 � n^2+n^4) � . Combining the zero-mode energy shift with the oscillator contribution, we obtain in summary that at order 1/J^2 and 1/J^4 the shift is

δE^{string}_1 = 1 2 m(k − m) + � n 2(k − m)m − n^2 + n � n^2 + 4m(m − k) 2 + δE^{string}_2 = − 1 8 m(k − m)(4k^2 − 11km + 3m^2) + (B.20) + � n � − n � −4m(k − m) � 5k^2 − 15km + 6m^2 � + 2(k − 3m)(3k − 2m)n^2 + n^4 � 8 � n^2 + 4m(m − k) +

+ 1 8 � −2(k − m)m � 4k^2−11km+3m^2 � + 2 � 3k^2−10km+5m^2 � n^2 + n^4 � � . B.4 Third order

Further expanding the string theory result for the contributions of the oscillators to the energy up to third order, i.e., order 1/J^6, yields

δE^{osc}_3 = � n 1 128 � 15k^6 − 150k^5m + 317k^4m^2 − 276k^3m^3 + 265k^2m^4 − 182km^5 + 11m^6 +

+ 4(15k^4 + 4k^3m − 36k^2m^2 − 64km^3 + 65m^4)n^2 − − 8(15k^2 − 38km + 19m^2)n^4 − 8n^6 � + + 1 16(n^2 + 4m(m − k))^{3/2} × × � 4(k − m)^2m^2(45k^4 − 324k^3m + 621k^2m^2 − 370km^3 + 60m^4)n − − 2(k − m)m(53k^4 − 481k^3m + 1083k^2m^2 − 815km^3 + 192m^4)n^3 +

– 22 –

+ (15k^4 − 218k^3m + 603k^2m^2 − 556km^3 + 164m^4)n^5 + + (15k^2 − 44km + 25m^2)n^7 + n^9 � . (B.21)

The sum is again divergent as the large n behaviour of the summand in (B.21) is

(δE^{osc}_3 )_n = 9 32 (k − m)^2(5k^2 − 18km + 17m^2)n^2 + (B.22) + 1 128 (k − m)^2(15k^4 − 248k^3m + 766k^2m^2 − 752km^3 + 91m^4) + O � 1 n^2 � . We again apply zeta-function regularization. In the present case, we need to evaluate the Riemann zeta function ζ(s) =

�_∞ n=1 1/n^s at s = −2, 0. The values can be calculated by writing the zeta-function as

ζ(s) = 1 1 − 2^{1−s} ∞� n=0 1 2^{n+1} n� k=0 (−1)^k � n k � (k + 1)^{−s} , (B.23)

and evaluating the inner sum first. This results for k > 1 in

ζ(−k + 1) = −

B_k k , (B.24)

where B_k are the Bernoulli numbers. Now B_3 = 0 and therefore only ζ(0) gives a nonvanishing contribution, namely ζ(0) = −1/2. The regularized contribution from the oscillators to the zero modes is thus

(δE^{osc}_3 )_{reg} = 1 256 (k − m)^2 � 15k^4 − 248k^3m + 766k^2m^2 − 752km^3 + 91m^4 � + � n · · · ,

(B.25) where the dots indicate the non-zero mode contributions, with the terms in (B.22) subtracted.

Combining all terms, we arrive at the third order energy shift as computed from the string theory side

δE^{string}_3 = 1 16 (k − m)m(8k^4 − 52k^3m + 89k^2m^2 − 42km^3 + 5m^4) + + � n 1 16 � 2(k − m)m(8k^4 − 52k^3m + 89k^2m^2 − 42km^3 + 5m^4) −

− (15k^4 − 128k^3m + 279k^2m^2 − 202km^3 + 44m^4)n^2 − − (15k^2 − 38km + 19m^2)n^4 − n^6 � + 1 16(n^2 + 4m(m − k))^{3/2} × × � 4(k − m)^2m^2(45k^4 − 324k^3m + 621k^2m^2 − 370km^3 + 60m^4)n − − 2(k − m)m(53k^4 − 481k^3m + 1083k^2m^2 − 815km^3 + 192m^4)n^3 + + (15k^4 − 218k^3m + 603k^2m^2 − 556km^3 + 164m^4)n^5 + + (15k^2 − 44km + 25m^2)n^7 + n^9 � . (B.26)

We shall see subsequently, that this regularized energy shift agrees with the prediction from the Bethe ansatz.

– 23 –

C. Details of Bethe ansatz computation

C.1 Zero-modes

The zero mode integral is δE^{(0)} = c k � C_{ab} dz f^′(z) (z − c)

. (C.1)

By deforming the contour to infinity, we pick up the residues at z = c and z = ±1.

Combining these residues and subsequently expanding them in 1/J by making use of (3.34), yields

δE^{(0)} = 1 2 m(k − m) 1 J^2 − − 1 8 m(k − m)(4k^2 − 11km + 3m^2) 1 J^4 + + 1 16 (k − m)m(8k^4 − 52k^3m + 89k^2m^2 − 42km^3 + 5m^4) 1 J^6 + O � 1 J^8 � . (C.2)

Comparison to the string theory result, which were computed in the previous section shows that up to third order in the 1/J^2 perturbation expansion, the zero-mode terms (C.2) agree with the ones of the zeta-function regularized expressions on the string side.

C.2 Non-zero modes

The non-zero mode contributions come from the sum in (3.38) and are

δE^{osc} = ∞� n=1 δE^{(n)} = 2c k ∞� n=1 � C_{ab} dz f^′(z)f^2(z) (z − c)(f^2(z) − n^2)

. (C.3)

Again, deforming the contour to infinity, we pick up (possibly non-trivial) residues at z = c, z = ∞, z = ±1 as well as z = z_n, where z_n were defined in (3.40).

The residues at z = c and z = ∞ vanish. The residue at z = z_n was evaluated in (3.42). In order to expand this in 1/J , one first needs to solve (3.41) perturbatively for z_n (note that there are two roots z_n each for positive n and for negative n).

The expansion of (3.42) yields up to third order

Res_{z=zn} = 1 2 � 2k(m − k) − n^2 + n � n^2 + 4m(m − k) � 1 J^2 + + 1 8 � −2k(m − k)(k^2 − 11km + 6m^2) + 2(3k^2 − 10km + 5m^2)n^2 + n^4 − − −4(k−m)m(5k^2−15km+6m^2)n + 2(k−3m)(3k−2m)n^3 + n^5 � n^2 + 4m(m − k) � 1 J^4 + + 1 32 � −9k^6 + 184k^5m − 848k^4m^2 + 1380k^3m^3 − 934k^2m^4 + 252km^5 − 20m^6 +

− 2(15k^4 − 128k^3m + 279k^2m^2 − 202km^3 + 44m^4)n^2 −

− 2(15k^2 − 38km + 19m^2)n^4 − 2n^6 + 2 (n^2 + 4m(m − k))^{3/2} ×

– 24 –

× � 4(k − m)^2m^2(45k^4 − 324k^3m + 621k^2m^2 − 370km^3 + 60m^4)n −

− 2(k − m)m(53k^4 − 481k^3m + 1083k^2m^2 − 815km^3 + 192m^4)n^3 + + (15k^4 − 218k^3m + 603k^2m^2 − 556km^3 + 164m^4)n^5 +

+ (15k^2 − 44km + 25m^2)n^7 + n^9 � 1 J^6 + O � 1 J^8 � . (C.4)

Finally, there are the residues at z = ±1, which contribute to the n-independent terms of the summands δE^{(n)}

Res_{z=1}+Res_{z=−1} = (k^2 − m^2) 1 J^2 − 1 4 (k − m)(k + m)(k^2 − 8km + 3m^2) 1 J^4 − − 1 32 k(−9k^5 + 152k^4m − 608k^3m^2 + 816k^2m^3 − 410km^4 + 64m^5) 1 J^6 + +O � 1 J^8 � . (C.5)

Putting the residues in (C.4) and (C.5) together we obtain

δE^{(n)} = 1 2 � −2m(m − k) − n^2 + n � n^2 + 4m(m − k) � 1 J^2 + + 1 8 � −2(k − m)m(4k^2 − 11km + 3m^2) + 2(3k^2 − 10km + 5m^2)n^2 + n^4 − − −4(k − m)m(5k^2 − 15km + 6m^2)n + 2(k − 3m)(3k − 2m)n^3 + n^5 � n^2 + 4m(m − k) � 1 J^4 + + 1 32 � 4(k − m)m(8k^4 − 52k^3m + 89k^2m^2 − 42km^3 + 5m^4) −

− 2(15k^4 − 128k^3m + 279k^2m^2 − 202km^3 + 44m^4)n^2 −

− 2(15k^2 − 38km + 19m^2)n^4 − 2n^6 + 2 (n^2 + 4m(m − k))^{3/2} × × � 4(k − m)^2m^2(45k^4 − 324k^3m + 621k^2m^2 − 370km^3 + 60m^4)n −

− 2(k − m)m(53k^4 − 481k^3m + 1083k^2m^2 − 815km^3 + 192m^4)n^3 + + (15k^4 − 218k^3m + 603k^2m^2 − 556km^3 + 164m^4)n^5 +

+ (15k^2 − 44km + 25m^2)n^7 + n^9 � 1 J^6 + O � 1 J^8 � . (C.6)

The complete energy shift is then

δE = δE^{(0)} + ∞� n=1 δE^{(n)} , (C.7)

where the various terms are written out in (C.2) and (C.6).

In summary, the Bethe result agrees with the string results (B.20), (B.26) including order 1/J^6.

– 25 –

Figure 4: Profiles of the summands for k = 400, k = 100, k = 20 and k = 5, respectively, with (J = 3, m = 2).

Figure 5: Profiles of the ω frequencies for k = 400, (J = 3, m = 2). The plot on the right hand side zooms into the plot on the left hand side.

D. Details of the large k string computation

We evaluate the energy shift δE^{string} in the large k limit, for fixed m and J . Again, the problematic part in the computation are the ω-dependent terms, for which we are forced to use approximations for finding the roots in different regions of the parameters.

Note that first expanding the summands in (2.2) and (2.3) 1/k before summing them yields divergent expressions. However, unlike the divergences that occured in the 1/J expansion at second and third order in perturbation theory, these divergences cannot be removed, using standard regularisation procedures such as zeta-function regularisation as they contain logarithmic divergences. The origin of this divergence is the irregular dependence on k of the resummed expression (2.9).

In order to ascertain what kind of function we are summing, it is useful to numerically plot the summands. This is done in figure 4 for various, mainly large, values of k. Solving (B.2) in the limit n ∼ |k| → ∞ we find, up to O(1/k^2) corrections

ω_{n 1,2} = n ± 2|k| ± 1 |k| � mJ + n ± 2|k| n ± |k|

(J + m)^2 2 � , (D.1)

ω_{n 3,4} = −n −

(J + m)n 2|k|(n^2 − k^2) � (J + m)|k| ± � (J − m)^2n^2 + 4mJ k^2 � . (D.2)

These expressions approximate the frequencies well enough in the entire range of n, except for n − |k| = O(1), where 1/k corrections to ω_2 and ω_3 blow up. Solving (B.2) in that region we find

ω_1 = 3|k| , (D.3) ω_4 = −n , (D.4) ω_± = −|k| ± � (n − |k|)^2 + (J + m)^2 . (D.5)

– 26 –

Comparing (D.5) to (D.1), (D.2) we see that ω_+ asymptotes ω_2 at n ≫ |k| and ω_3 at n ≪ |k|, while ω_− asymptotes ω_3 at n ≫ |k| and ω_2 at n ≪ |k|. Thus ω_2 and ω_3 interchange at n = |k| by passing through the singularity.

Computing the sign factors from (2.6) we get

n < |k| : sign C^{(n)}_1 = 1, sign C^{(n)}_2 = −1, sign C^{(n)}_3 = 1, sign C^{(n)}_4 = −1, n > |k| : sign C^{(n)}_1 = 1, sign C^{(n)}_2 = 1, sign C^{(n)}_3 = −1, sign C^{(n)}_4 = −1, n − |k| ∼ 1 : sign C^{(n)}_1 = 1, sign C^{(n)}_4 = −1, sign C^{(n)}_± = ±1 . (D.6)

We are now ready to compute the sum over modes. To do that we divide the range of summation into three parts

(I) 1 ≤ n ≤ |k| − s − 1 (II) |k| − s ≤ n ≤ |k| + s (III) |k| + s + 1 ≤ n , (D.7)

where 1 ≪ s ≪ |k|. In the regions (I) and (III) the summation of O(1/k) terms can be replaced by an integration over x = n/|k| ∞� n=1 4� I=1 � sign C^{(n)}_I ω_{n,I} − n − κ^2 2n � =

= 4 |k|−s−1�

n=1 (|k| − n) − 2(J + m)^2

|k|−s−1�

n=1 1 n +

+ �_{1−s/|k|} 0 dx � 2mJ + (J + m)

(2 − x^2)(J + m) + x � (J − m)^2x^2 + 4mJ 1 − x^2 � +

+ s� l=−s � 2 � l^2 + (J + m)^2 − 3l � + 2(J + m)^2

�_∞

1−s/|k| dx � x x^2 − 1 − 1 x � (D.8)

= 2 � k^2 − |k| + (J + m) √ mJ + mJ + F (0, J + m) + (J + m)^2 ln √ J + m √ J + √ m � . Combining this with the expansion of the zero modes

δE^{(0)} = − |k| J + m + � 1 + 2 � J − m J + m � − 7J^2 + 10J m + m^2 2 |k|(J + m) + O � 1 k^2 � , (D.9)

and (2.9) we obtain

δE = k^2 − 4γ^2 + mJ + 2F � 0, √ J^2 − m^2 � + 2F (0, J + m) − 4F � {|k|/2}, � J (J + m) � J + m + + √ mJ + (J + m) ln √ J + m √ J + √ m . (D.10)

Since γ = |k|/2 + O(1/k), this expression has a finite k → ∞ limit, as was observed numerically. In order to determine the asymptotic values of the constant one needs the

– 27 – expression for γ with an O(1/k) accuracy γ = |k| 2 + m(2J + m) 4|k| + O � 1 k^3 � , (D.11)

which implies

δE = 2F � 0, √ J^2 − m^2 � + 2F (0, J + m) − 4F � {|k|/2}, � J (J + m) � J + m + + √ mJ + (J + m) ln √ J + m √ J + √ m − m . (D.12)

For large enough α, the function F (α, β) can be approximated as in (2.10), and thus the previous sum can be further simplified to

δE = − 1 2 (J + m) ln(J + m) − (J − m) ln(J − m) + 2J ln J + + √ mJ − (J + m) ln( √ J + √ m) − m + O � 1 α � . (D.13)

References

[1] L.D. Faddeev, How algebraic bethe ansatz works for integrable model, , in Quantum symmetries, proceedings of the Les Houches Summer School, Session LXIV, Les Houches, 1 August - 8 September 1995, A. Connes, K. Gawȩdzki and J. Zinn-Justin, [hep-th/9605187].

[2] J.A. Minahan and K. Zarembo, The bethe-ansatz for N = 4 super Yang-Mills, JHEP 03 (2003) 013 [hep-th/0212208].

[3] N. Beisert and M. Staudacher, The N = 4 SYM integrable super spin chain, Nucl. Phys. B 670 (2003) 439 [hep-th/0307042].

[4] N. Beisert, C. Kristjansen and M. Staudacher, The dilatation operator of N = 4 super Yang-Mills theory, Nucl. Phys. B 664 (2003) 131 [hep-th/0303060].

[5] N. Beisert, The SU(2|3) dynamic spin chain, Nucl. Phys. B 682 (2004) 487 [hep-th/0310252].

[6] D. Serban and M. Staudacher, Planar N = 4 gauge theory and the Inozemtsev long range spin chain, JHEP 06 (2004) 001 [hep-th/0401057].

[7] K. Peeters, J. Plefka and M. Zamaklar, Splitting spinning strings in AdS/CFT, JHEP 11 (2004) 054 [hep-th/0410275]; Splitting strings and chains, Fortschr. Phys. 53 (2005) 640 [hep-th/0501165].

[8] K. Okuyama and L.-S. Tseng, Three-point functions in N = 4 SYM theory at one-loop, JHEP 08 (2004) 055 [hep-th/0404190];

R. Roiban and A. Volovich, Yang-Mills correlation functions from integrable spin chains, JHEP 09 (2004) 032 [hep-th/0407140];

L.F. Alday, J.R. David, E. Gava and K.S. Narain, Structure constants of planar N = 4 Yang-Mills at one loop, hep-th/0502186.

– 28 –

[9] I.V. Volovich, Supersymmetric Yang-Mills theory and the inverse scattering method, Theor.

Math. Phys. 57 (1983) 1269 [Teor. Mat. Fiz. 57 (1983) 469];

I.Y. Arefeva and I.V. Volovich, Higher conservation laws for supersymmetric gauge theories, Phys. Lett. B 149 (1984) 131.

[10] G. Mandal, N.V. Suryanarayana and S.R. Wadia, Aspects of semiclassical strings in AdS_5, Phys. Lett. B 543 (2002) 81 [hep-th/0206103].

[11] K. Pohlmeyer, Integrable hamiltonian systems and interactions through quadratic constraints, Commun. Math. Phys. 46 (1976) 207;

V.E. Zakharov and A.V. Mikhailov, Relativistically invariant two-dimensional models in field theory integrable by the inverse problem technique. (in russian), Sov. Phys. JETP 47 (1978) 1017 [Zh. Eksp. Teor. Fiz. 74 (1978) 1953];

L.D. Faddeev and N.Y. Reshetikhin, Integrability of the principal chiral field model in (1+1)-dimension, Ann. Phys. (NY) 167 (1986) 227.

[12] R.R. Metsaev and A.A. Tseytlin, Type IIB superstring action in AdS_5 × S^5 background, Nucl. Phys. B 533 (1998) 109 [hep-th/9805028].

[13] I. Bena, J. Polchinski and R. Roiban, Hidden symmetries of the AdS_5 × S^5 superstring, Phys.

Rev. D 69 (2004) 046002 [hep-th/0305116].

[14] S.P. Novikov, S.V. Manakov, L.P. Pitaevskii and V.E. Zakharov, Theory of solitons: the inverse scattering method, Consultants Bureau, 1984;

L.D. Faddeev and L.A. Takhtajan, Hamiltonian methods in the theory of solitons, Springer-Verlag, 1987.

[15] V.A. Kazakov, A. Marshakov, J.A. Minahan and K. Zarembo, Classical/quantum integrability in AdS/CFT, JHEP 05 (2004) 024 [hep-th/0402207].

[16] V.A. Kazakov and K. Zarembo, Classical/quantum integrability in non-compact sector of AdS/CFT, JHEP 10 (2004) 060 [hep-th/0410105].

[17] N. Beisert, V.A. Kazakov and K. Sakai, Algebraic curve for the SO(6) sector of AdS/CFT,

hep-th/0410253.

[18] S. Schafer-Nameki, The algebraic curve of 1-loop planar N = 4 SYM, Nucl. Phys. B 714 (2005) 3 [hep-th/0412254].

[19] L.F. Alday, G. Arutyunov and A.A. Tseytlin, On integrability of classical superstrings in AdS_5 × S^5, JHEP 07 (2005) 002 [hep-th/0502240].

[20] N. Beisert, V.A. Kazakov, K. Sakai and K. Zarembo, The algebraic curve of classical superstrings on AdS_5 × S^5, hep-th/0502226.

[21] G. Arutyunov, S. Frolov and M. Staudacher, Bethe ansatz for quantum strings, JHEP 10 (2004) 016 [hep-th/0406256].

[22] M. Staudacher, The factorized S-matrix of CFT/AdS, JHEP 05 (2005) 054 [hep-th/0412188].

[23] N. Beisert and M. Staudacher, Long-range PSU(2, 2|4) Bethe ansaetze for gauge theory and strings, hep-th/0504190.

[24] D. Berenstein, J.M. Maldacena and H. Nastase, Strings in flat space and pp waves from N = 4 super Yang-Mills, JHEP 04 (2002) 013 [hep-th/0202021].

– 29 –

[25] R.R. Metsaev, Type IIB Green-Schwarz superstring in plane wave Ramond-Ramond background, Nucl. Phys. B 625 (2002) 70 [hep-th/0112044];

R.R. Metsaev and A.A. Tseytlin, Exactly solvable model of superstring in plane wave Ramond-Ramond background, Phys. Rev. D 65 (2002) 126004 [hep-th/0202109].

[26] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, A semi-classical limit of the gauge/string correspondence, Nucl. Phys. B 636 (2002) 99 [hep-th/0204051].

[27] A. Parnachev and A.V. Ryzhov, Strings in the near plane wave background and AdS/CFT, JHEP 10 (2002) 066 [hep-th/0208010].

[28] C.G. Callan Jr., H.K. Lee, T. McLoughlin, J.H. Schwarz, I. Swanson and X. Wu, Quantizing string theory in AdS_5 × S^5: beyond the pp-wave, Nucl. Phys. B 673 (2003) 3 [hep-th/0307032];

C.G. Callan Jr., T. McLoughlin and I.J. Swanson, Holography beyond the Penrose limit, Nucl. Phys. B 694 (2004) 115 [hep-th/0404007]; Higher impurity AdS/CFT correspondence in the near-BMN limit, Nucl. Phys. B 700 (2004) 271 [hep-th/0405153]; T. McLoughlin and I.J. Swanson, N-impurity superstring spectra near the pp-wave limit, Nucl. Phys. B 702 (2004) 86 [hep-th/0407240].

[29] S. Frolov and A.A. Tseytlin, Multi-spin string solutions in AdS_5 × S^5, Nucl. Phys. B 668 (2003) 77 [hep-th/0304255]; Rotating string solutions: adS/CFT duality in non-supersymmetric sectors, Phys. Lett. B 570 (2003) 96 [hep-th/0306143].

[30] A.A. Tseytlin, Spinning strings and AdS/CFT duality, hep-th/0311139.

[31] S. Frolov and A.A. Tseytlin, Quantizing three-spin string solution in AdS_5 × S^5, JHEP 07 (2003) 016 [hep-th/0306130].

[32] S.A. Frolov, I.Y. Park and A.A. Tseytlin, On one-loop correction to energy of spinning strings in S^5, Phys. Rev. D 71 (2005) 026006 [hep-th/0408187].

[33] I.Y. Park, A. Tirziu and A.A. Tseytlin, Spinning strings in AdS_5 × S^5: one-loop correction to energy in SL(2) sector, JHEP 03 (2005) 013 [hep-th/0501203].

[34] H. Fuji and Y. Satoh, Quantum fluctuations of rotating strings in AdS_5 × S^5,

hep-th/0504123.

[35] N. Beisert, The dilatation operator of N = 4 super Yang-Mills theory and integrability, Phys.

Rept. 405 (2005) 1 [hep-th/0407277]; Higher-loop integrability in N = 4 gauge theory, Comptes Rendus Physique 5 (2004) 1039 [hep-th/0409147];

K. Zarembo, Semiclassical bethe ansatz and AdS/CFT, Comptes Rendus Physique 5 (2004) 1081 [Fortschr. Phys. 53 (2005) 647] [hep-th/0411191];

J. Plefka, Spinning strings and integrable spin chains in the AdS/CFT correspondence,

hep-th/0507136.

[36] M. Kruczenski, Spin chains and string theory, Phys. Rev. Lett. 93 (2004) 161602 [hep-th/0311203];

M. Kruczenski, A.V. Ryzhov and A.A. Tseytlin, Large spin limit of AdS_5 × S^5 string theory and low energy expansion of ferromagnetic spin chains, Nucl. Phys. B 692 (2004) 3 [hep-th/0403120];

R. Hernandez and E. Lopez, The SU(3) spin chain sigma model and string theory, JHEP 04 (2004) 052 [hep-th/0403139];

B. Stefanski Jr. and A.A. Tseytlin, Large spin limits of AdS/CFT and generalized Landau-Lifshitz equations, JHEP 05 (2004) 042 [hep-th/0404133];

– 30 –

A.V. Ryzhov and A.A. Tseytlin, Towards the exact dilatation operator of N = 4 super Yang-Mills theory, Nucl. Phys. B 698 (2004) 132 [hep-th/0404215]; M. Kruczenski and A.A. Tseytlin, Semiclassical relativistic strings in S^5 and long coherent operators in N = 4 SYM theory, JHEP 09 (2004) 038 [hep-th/0406189]; R. Hernandez and E. Lopez, Spin chain sigma models with fermions, JHEP 11 (2004) 079 [hep-th/0410022];

R. Hernandez and E. Lopez, The SU(2|3) spin chain sigma model, Fortschr. Phys. 53 (2005) 506.

[37] N. Beisert, A.A. Tseytlin and K. Zarembo, Matching quantum strings to quantum spins:

one-loop vs. finite-size corrections, Nucl. Phys. B 715 (2005) 190 [hep-th/0502173].

[38] R. Hernandez, E. Lopez, A. Perianez and G. Sierra, Finite size effects in ferromagnetic spin chains and quantum corrections to classical strings, JHEP 06 (2005) 011 [hep-th/0502188].

[39] N. Beisert, Spin chain for quantum strings, Fortschr. Phys. 53 (2005) 852 [hep-th/0409054].

[40] G. Arutyunov, J. Russo and A.A. Tseytlin, Spinning strings in AdS_5 × S^5: new integrable system relations, Phys. Rev. D 69 (2004) 086009 [hep-th/0311004].

[41] N. Berkovits, BRST cohomology and nonlocal conserved charges, JHEP 02 (2005) 060 [hep-th/0409159];

I.J. Swanson, Quantum string integrability and AdS/CFT, Nucl. Phys. B 709 (2005) 443 [hep-th/0410282].

[42] N. Beisert, The complete one-loop dilatation operator of N = 4 super Yang-Mills theory, Nucl. Phys. B 676 (2004) 3 [hep-th/0307015].

[43] J.A. Minahan, The SU(2) sector in AdS/CFT, Fortschr. Phys. 53 (2005) 828 [hep-th/0503143].

[44] V.A. Kazakov, unpublished.

[45] N. Beisert, V.A. Kazakov, K. Sakai and K. Zarembo, Complete spectrum of long operators in N = 4 SYM at one loop, JHEP 07 (2005) 030 [hep-th/0503200].

[46] N. Beisert, J.A. Minahan, M. Staudacher and K. Zarembo, Stringing spins and spinning strings, JHEP 09 (2003) 010 [hep-th/0306139];

L. Freyhult, Bethe ansatz and fluctuations in SU(3) Yang-Mills operators, JHEP 06 (2004) 010 [hep-th/0405167].

[47] N. Beisert, V. Dippel and M. Staudacher, A novel long range spin chain and planar N = 4 super Yang-Mills, JHEP 07 (2004) 075 [hep-th/0405001].

[48] N. Beisert and L. Freyhult, Fluctuations and energy shifts in the Bethe ansatz, Phys. Lett. B 622 (2005) 343 [hep-th/0506243].

[49] J. Lucietti, S. Schafer-Nameki and A. Sinha, On the exact open-closed vertex in plane-wave light-cone string field theory, Phys. Rev. D 69 (2004) 086005 [hep-th/0311231].

[50] J. Engquist, J.A. Minahan and K. Zarembo, Yang-Mills duals for semiclassical strings on AdS_5 × S^5, JHEP 11 (2003) 063 [hep-th/0310188];

L. Freyhult and C. Kristjansen, Rational three-spin string duals and non-anomalous finite size effects, JHEP 05 (2005) 043 [hep-th/0502122].

– 31 –